MATH 155R: ALGEBRAIC COMBINATORICS

COLIN DEFANT

1. TUESDAY SEPTEMBER 5

CAs: Katherine Tung and Eliot Hodges

1.1. Bookkeeping.

(1) Colin’s Office Hours: Thursdays from 3-4pm in SC 235 (Colin’s office). The time may be
subject to change based on the availability of the students in the class.

(2) CA Office Hours: TBD. Keep an eye out for a when2meet on Canvas. CA office hours will
be scheduled based on your availability.

(3) Grading policy: There are 5 problem sets. Homework is worth 80% of the grade, with
a final exam making up the last 20%. Each student gets 5 late days to be used at their
discretion throughout the semester. See the syllabus for a more detailed explanation of
grading policies.

1.2. Course Intro. The symmetric group S, is the group of permutations of the first n integers,
which we denote by [n] := {1,...,n}. The group operation is composition. A permutation can
be represented in one-line notation or cycle notation.

Example 1.1. Consider S¢ and the permutation taking 1 +— 4,2+ 6,3 +— 5,4+ 3,5 1, and
6 +— 2. In one-line notation, we represent this element by 465312. In cycle notation, we represent
it by (1435)(26).

Note that we can immediately see that |S,| = n!.
An inversion of w € S, is a pair (i, j) where i < j and w™1(i) > w™!(}). In one-line notation,
(i, j) with i < j is an inversion if j appears before i.

Example 1.2. Consider 31425 € Ss. The inversions are (1, 3), (2, 3), and (2, 4).

mv(w q
3 g l—ll—q

weS,

Here’s another fact:

where inv(w) denotes the number of inversions of w and g denotes a formal variable.
Say 7 € Si. Say a permutation w € S, contains 7 if there is a subsequence 7 if there is a
subsequence of w that has the same relative order as 7. We say w avoids 7 if it does not contain .

Example 1.3. 421635 contains 231 (look at the 4, 6, and 3 in the first permutation). As an exercise,
check for yourself that 312645 avoids 231.

Fact: Fix some 7 € S3. The number of permutations in S, that avoid 7 is C,, = ﬁ(zn").

The numbers C, are the Catalan numbers, a very important sequence of numbers in algebraic

combinatorics. The first few of these are: 1, 2, 5, 14, 42, 132, . . ..
1



2 COLIN DEFANT

Question 1.4. (Open) How many permutations in S, avoid 1324? Although this question is easy
to state, this is actually very hard.

Exercise 1.5. There are several facts in the lecture that were stated without proof. If you haven’t
seen these before (or even if you have), try proving them yourself!

A descent of a permutation w of S, is an index i € [n — 1] such that w(i) > w(i +1). A
transposition is a 2-cycle, i.e., a permutation that swaps two numbers and fixes everything else.
Write (ij) for the transposition swapping i and j.

1.3. S, as a Coxeter Group. Lets; = (i i+ 1) € S, fori € [n — 1]. The s;’s are called adjacent
transpositions, simple transpositions, or simple reflections. The following is a good fact:

Fact 1.6. The symmetric group S, is generated by si,...,s,—1. The s;’s satisfy the following
relations:
(1) s? = e (where e denotes the identity element);
(2) (sisj))? =eif |i — j| > 2;
(3) (sisinn)® =e.
The above set of relations is equivalent to the following set of relations:
(1) 51'2 =e;
(2) sisj = s;s; if |i — j| > 2 (commutation relations);
(3) siSit1Si = Si+18iSi+1 (braid relations).
The s;’s with either of the above sets of relations form a presentation of S,,.

Example 1.7. We illustrate Fact [1.6] with an example. Consider w = 52341 € S5s. We can write
w as a product of simples by multiplying on the right by simples until we get the identity on the
left:
12345 = WS1545253545251.
Hence, w = s1525453528451. However, this way of writing w as a product of simples is not unique
(consider $15254535254515353).
A reduced word for a permutation w is a way of writing w as product of simples such that the

product has minimal length (see the product of simples in the example above—is 5155453525451 a
reduced word for 52341?).

Fact 1.8. The number of ways to write the permutation n(n — 1) - - - 321 is
+1
("2)!
n3n-15n=2... (2n — 1)1
1.4. Coxeter Groups. We would like to generalize the objects (e.g., simple transpositions, re-

duced words, etc.) introduced for S, in the previous subsection to Coxeter groups. Coxeter groups
bring together the following fields of study:

(1) Combinatorics

- generalize from S,

- reduced words

- posets (Bruhat order, weak order, absolute order, convex sets)
(2) Geometry

- Hyperplane arrangements

- polytopes

- root systems



MATH 155R: ALGEBRAIC COMBINATORICS 3

(3) Algebra
- Group theory (duh)
- Weyl groups of semisimple Lie algebras
- Representation theory, Hecke algebras, etc.
N.B. The class is not exclusively about Coxeter groups, though they indeed are our main object
of study. Throughout we will see other objects of interest from algebraic combinatorics.

Definition 1.9. Let S be a (usually finite) set. For s,s” € S, choose m(s,s”) = m(s’,s) € NU {oo}
such that m(s,s) = 1forall s € S and m(s,s”) > 2 if s # s’. This will be the data that defines our
Coxeter group. Let W be the group with presentation

W =(S | (ss)") = eforalls,s” €S).
The pair (W, S) is called a Coxeter system; S is called the set of simple generators (or simple reflec-
tions); W is called a Coxeter group.

Remark 1.10. For all s € S, we have s? = e. If m(s,s’) = 2, then s and s’ commute: ss’ss’ = e
implies s’s = ss’. If m(s,s”) > 3, then s and s’ do not commute.

There is a nice way of representing the data of a Coxeter system using a graph called the
Coxeter graph (sometimes Dynkin diagram).

Definition 1.11. The Coxeter graph of (W, S) is the graph with vertex set S, where s and s’ are
adjacent when m(s,s’) > 3. If m(s,s”) > 4, we label the edge between s and s’ with this number.

Example 1.12. Picture I can’t draw quickly in tikz. In words, S = {sy, s2, s3}; there are edges
between s; and s;41 for 1 < i < 2, where the edge between s; and s; is labeled by 4 and the edge
between s; and s; is unlabeled. Quickly, we see that m(sy, sz) = 4, m(sz, s3) = 3, and m(sy, s3) = 2.

Example 1.13. Consider S = {sy,...,s,} with no edges between the vertices. Here we see that
W ~ (Zz)n
Example 1.14. Consider S = {sy,. .., s,} with unlabeled edges between s; and s;;; fori € [n—1].

Then W =~ S,.. Note that m(s;, s;) = 1, m(s;, s;) = 2if |i — j| > 2, and m(s;, si+1) = 3. As an exercise,
prove that W = §,,.

Example 1.15. Consider S = {s1, s, s3} with an unlabeled edge between s; and s, and no other
edges. Then W ~ S5 X Z,. Note that if the Coxeter graph is disconnected, then W is the direct
product of the groups given by each connected component of the graph.

Example 1.16. Consider S = {r, s} with an edge between r and s labeled by m. Then W = D,,,
the dihedral group of order 2m. There is a nice picture here that I can’t draw.

2. THURSDAY SEPTEMBER 7

2.1. Last Time. Recall that (W, S) is a Coxeter system, where S is the set of simple generators (or
simple reflections) and W is the Coxeter group. We have the following presentation of W, where

W= (S| (ss)™) = ¢)
and

(1) m(s,s) = 1;
(2) m(s,s") =m(s’,s) € {2,3,...} U{oo}ifs # s

Proposition 2.1 (Proposition 1.1.1 in Bj orner-Brenti). Fors,s’ € S, the order of ss” is m(s,s’).

We’ll postpone the proof until later on in the course.
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A Plethora of Examples. Here are some more examples of Coxeter groups.

Example 2.2. Consider S = {sy,...,s,—1} Where there are edges between s; and s;;; for i €
{0,...,n — 2}. Label the edge between sy and s; by 4; the rest of the edges are unlabeled. This
is called the nth hyperoctahedral group and is denoted B,,. Alternatively, B, can be viewed as the
group of permutations of {-n,...,—1,1,...,n} such that w(—i) = —w(i) for all i and w € B,,.
Note that B,, is isomorphic to a subgroup of S,;,.

Elements of B, are called signed permutations. We can represent these elements using a one-
line notation. We’ll do definition by example: 2143 € B4 denotes the permutation taking 1 +— -2,
2+ 1,3 4, and 4 — —3; from here we can determine that -1 — 2, =2 — -1, -3 > —4, and
—4 + 3. In other words, it’s enough to specify where 1,...,n go; i denotes —i in the one-line
notation.

Now, what are the simple reflections? For 1 <i <n-—1,wehaves; = (ii+1)(—i —(i+1))
and sp = (=1 1).

Finally, as an exercise, show that |B,| = 2"n! (hint: count the elements using the one-line
notation). See Homework 1 to learn about the Coxeter group D,,.

Example 2.3. The affine symmetric group, denoted S,,, is the group of permutations w of Z such
that w(i+n) =w(i)+nforalli € Zand w(1) +w(2)+---+w(n) = (";’1) For example, consider
n = 4 and the permutation given by

(-4 -3 -2 -1 0 1 2 3 4 5\
0T\3 4 -2 -1 10235 4
In general, we let
si=-(i—-ni—-n+1)(i+ni+n+1)(i+2ni+2n+1)---

be the i + 1st simple reflection. The Coxeter graph is a cycle of size n. where s; is adjacent to s;;1
for all i, where the indices are taken modulo n. Finally, note that |S,| = co.

Example 2.4. The symmetry group of a regular polytope is a Coxeter group. Consider the fol-
lowing interesting examples

Dimension | Regular Polytope | Coxeter Graph

d simplex Ag = Sqiq

d cube By

d hyperoctahedron By

2 m-gon L(m)

3 dodecahedron H;

3 icosahedron H;

4 24-cell E,

4 120-cell H,

4 600-cell H,

Coxeter groups can also be realized as reflection groups; we can realize this via the following
example.

Example 2.5. Consider S;.

ISee if you can find the values of this permutation for n of larger absolute value.
2I can’t draw graphs for these (sorry!), but I'll refer you to the Wikipedia page on Coxeter groups which will certainly
have pictures.


https://en.wikipedia.org/wiki/Coxeter_group
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For each line in the above picture, we can reflect across this line; Ss is the group generated by
all such reflections. In the picture below, the three bolded lines are the three simple reflections.
As an exercise, justify to yourself that any of the reflections can be written as a composition of
the three simple reflections.

In some sense, any Coxeter group can be regarded as the reflection group of some space
(though sometimes the examples will be weird and we’ll be reflecting through lines in hyperbolic
space).

2.2. Irreducible Coxeter Groups.

Definition 2.6. A Coxeter group W is said to be irreducible if its Coxeter graph is connected.
Otherwise, W is said to be reducible. As an exercise, prove that a reducible Coxeter group is the
direct product of the Coxeter groups given by the connected components of the graph.

The rank of (W, S) (or just W, when S is understood) is |S|.

In the following, we’ll restrict our focus to the world of finite Coxeter groups. We'll also use
subscripts on our groups to denote the rank of the Coxeter system.
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Theorem 2.7 (Coxeter, 1935). The followingﬂ is a classification of the finite irreducible Coxeter
groups:
(1) An (ak.a., Sni1)

(1) L(m).
The following are their Coxeter graphs:

1
n>1 I
An: —@— —o—® Es:

1 2 n—1 n 2 3 4 5 6
1
4 n>2
B,: o—@— —@—@ b
1 9 n—1 n 2 3 4 5 6 7
1
n >4
Dy: 1 Se— —9—® L3
3 ne1l n 2 3 4 5 6 7 8
2 4
. F,: &— 0 —0—90
Hj : *—eo ® 1 2 3 4

. 5 :
H: 6—6—o—9 1 9

Often, when proving results about finite irreducible Coxeter groups there are two main types
of arguments: one can prove things case by case, for each type, or one’s proof can be type uni-
form—where one’s arguments do not depend on the type of the Coxeter group.

2.3. Reduced Words. Let (W, S) be a Coxeter system. Every element w € W can be written as
a product of simple generators. A natural question is the following: how can we write w € W as
a product of simple reflections using the fewest simples possible?

Definition 2.8. A reduced word (also a reduced decomposition or a reduced expression) for w is a
word over S that represents w and uses the minimum possible number of simple generators. The
minimum number of simples is called the length of w and is denoted £(w).

Lemma 2.9. Forw € W and s € S, we have £(sw) = £(w) + 1.

Proof. Defineamap W — {1,-1} ~ Z/2Z by w — (=1)!™). This map is a group homomorphism
(prove this as an exercise, or read the book!), so

(_l)l(sw) — (_l)f(w)(_l){’(w) — (_1)[(w)+1‘
3The reason for writing G, separately, even though G, ~ I(6), is that G, appears as the Weyl group of the root

system of a semisimple Lie algebra. The connection to Lie algebras is also the reason that the notation C, is not
used.
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It follows that £(sw) = £(w)+1mod 2, but £(sw) < £(w)+1. Similarly, £(w) = £(ssw) < £(sw)+1,
forcing £(sw) > £(w) — 1. O

Example 2.10. In S5, we have

Element | Reduced Word | Length
123 o) 0
132 S2 1
213 S1 1
312 $281 2
231 5182 2
321 $15281 = 52815 3

3. TUESDAY SEPTEMBER 12

3.1. More about reduced words; Matsumoto’s Theorem. A word over S is a finite sequence
of elements of S. A word representing w € W is reduced if it has the minimum possible length.
This length of w is the length of the reduced word and is denoted £(w). Recall Example

A nil move deletes some ss in a word. A braid move replaces (ss’)"*) = ss’ss’- - with
(s's)™5) = ¢s’s - - -

Theorem 3.1 (Matsumoto’s Theorem, or Tits Lemma). Any word can be transformed into a re-
duced word using only nil moves and braid moves.

We’ll see how all of this works in the symmetric group.
Theorem 3.2. Forw € S,, we have {(w) = inv(w).

Proof. We induct on inv(w). Lets;, - - - s; be areduced word for w, and letu; = s;, - - - 5;;. Note that
u; is obtained from u;_; by reversing two adjacent numbers. It follows that inv(u;) < inv(u;_;)+1.
So inv(w) = inv(u;) < k = £(w).

Now, for the reverse inequality: let r be a descent of w. Let v = ws,, and note that inv(v) =
inv(w) — 1. By the inductive hypothesis, £(v) = inv(v), implying

t(w) = £€(vs;) < £(v) +1 =1inv(v) + 1 = inv(w)
as desired. O

A reflection in W is an element that is conjugate to a simple reflection. Often, we will use T
to denote the set of reflections in W, i.e, T = {wsw™! | s € S, w € W}. In S,,, a reflection is just
atranspositionﬂ Let Tr(w) = {t € T | £(tw) < £(w)}; similarly, let T(w) = {t € T | £(wt) <
f(w)}. We call Ty (w) and Tr(w) left and right inversions of w, respectively.

Example 3.3. Consider S,, and suppose 1 < i < j < n. For w € S, we have (ij) € Ty (w) if and
only if w™1(i) > w™1(j). Similarly, (ij) € Tr(w) if and only if w(i) > w(j).

Remark 3.4. For any w € W, we have £(w) = £(w™!). Hence Ty(w) = Tg(w™'). That is,
£(tw) < £(w) if and only if £(w™1t) < £(w™1).

Theorem 3.5 (Strong Exchange Property). Suppose w = sy ---si for some sy,...,sx € S. For
t € Tp(w), we havetw = sy -+ -§; - - - ¢ for some i, where the hat-over-an-element notation indicates
that this element should be deleted.

%In S, the conjugacy class of o € S, is the set of those elements with the same cycle type.
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Example 3.6. We illustrate the theorem using an example. Consider 2431 € S,. Then 5535253 is a
reduced word for 2431. Let t = (14) € T;(2431), and note that tw = 2134 = s; = 51535253 = $153S3.

Corollary 3.7. Lets; - - - sg be a reduced word forw € W. Then

Tr.(w) = {s1, 515251, 5152535251, * - , S182* * * Sk—1SkSk—1 * * - S251}-

Proof. Ift € Ty (w),thentw = sy ---5; - - - sg. Rewriting this gives us sy « -« $;Sj41 *** Sk = S1* * * Si—1Si+1 * * * Sk-

Hence, tsy---s; =581+ Si_1, forcing t=581---85-1SiSi—1 """ S1-
For the converse, if t = s1 - -s;_18;8i—1 - - - 51, then tw = s1 - - §; - - 5, s0 £(tw) < £(w), telling
us that ¢t € Ty (w). O

A consequence of the above is that |T; (w)| = |Tr(w)| = £(w).
Let Dy (w) = T (w) NS and Dr(w) = Tr(w) N S. The set Dy (w) are called the left descents of
w (similarly Dr(w) are the right descents).

Example 3.8. A right descent of w € S, is a simple transposition s; such that £(ws;) < £(w),
ie., inv(ws;) < inv(w). Thus, Dr(w) = {s; € S | w(i) > w(i + 1)}. Similarly, Dy (w) = {s; €
Slwl@) >wl(i+1)}.

—~ —

Theorem 3.9 (Deletion Property). If w = sy --- s, wherek > £(w), thenw = sy---5;---5;- -5
for somei and j.

Proof. Choose i maximal so thats; - - - s isnot reduced. Then sy - - - sg isreduced, so £(sj41 - - - Sg) =
k — i, and €(s;---s) < k — i+ 1. It follows that £(s;---sx) < £(sit1---sk). Thus, s;---sp =
Siv1- " Sj -+ sk for some j. Then w = sy -+ 8i_18; - Sk =81 Si—1Si41 " Sj  * - Sk. O

3.2. Posets.

Definition 3.10. A poset (partially ordered set) is a pair (P, <) such that P is a set and < is a
relation on P that is:

(1) reflexive: x < x for all x € P;
(2) antisymmetric: x < y and y < x implies x = y for x,y € P;
(3) transitive: x < y and y < zimplies x < zforall x,y,z € P

We write x < y if x < y and x # y. When the partial order on P is understood, we will drop the
cumbersome notation (P, <) for our poset and simply refer to the poset as P. A chain is a totally
ordered set (i.e., a chain is a poset where all elements are comparable).

Let x,y € P with x < y. The interval between x and y is [x,y] = {z € P | x < z < y}. We say
y covers x if #[x, y] = 2; in this case, we write x < y.

The Hasse diagram of P is a graphical representation of P. The diagram itself is the graph
representing elements of P as vertices with edges given by cover relations (i.e., x <y implies the
existence of an edge between x and y). We orient the graph in the plane so that if x < y, then the
vertex representing x is drawn below that of y.

Example 3.11. Consider a chain with 4 elements. Its Hasse diagram looks like

My favorite intuitive way to explain posets to people who don’t study math is by explaining the following example
that everyone is already familiar with. Fruit forms a poset. For example, oranges are better than lemons (most people,
maybe except Colin, don’t eat lemons in the same way they eat oranges), but apples and oranges can’t be compared!
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Example 3.12. Here’s another poset and its Hasse diagram:

I

4. THURSDAY SEPTEMBER 14
4.1. Posets. Eliot’s Fruit Order: the underlying set is {apple, orange, lemon}, with order rela-
tions orange>lemon, apple>lemon, but apples and oranges can’t be compared.

Orange Apple

N 7/

Lemon
We’ll use this example to define the dual of a poset.
Definition 4.1. The dual of a poset (P, <) is the poset (P, <’) such that x < y if and only if
y <" x.

Colin’s Fruit Order: the underlying set of fruit is the same, but the order relations are lemon>orange
and lemon>apple, but again apples and oranges can’t be compared. Note that Colin’s Fruit order
is dual to Eliot’s.

Lemon

7 N\

Orange Apple

Here’s another real-world example of a poset. Given a person A, we say that A < Bif Ais a
descendant of B.

Marc Susan

Colin Jack Juliette
An antichain of size n is a poset of size n in which any two elements are incomparable.

Example 4.2. For n = 4, the Hasse diagram of an antichain looks like:

The nth Boolean lattice (we’ll discuss lattices later) is the collection of subsets of [n] ordered
by containment. In other words, I < J if and only if I C J.
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Example 4.3. The graphic below depicts the boolean lattice for n = 3:

We illustrate the definition of an interval in the poset in the figure below. Make figure.
A poset P is graded if there is a rank function rk : P — Z such that rk(y) = rk(x) + 1
whenever x < y.

Example 4.4. The following poset is not graded (try constructing a rank function), while the
Boolean lattice is (do you see what the rank function on the Boolean lattice is?).

4.2. The Bruhat Order. The Bruhat order is a partial order that we will define on a Coxeter
group. Let (W,S) denote a Coxeter system, and let T = {wsw™! | s € S,w € W} be the set
of reflections. The Bruhat order on W is the partial order in which u < v whenever there exist
reflections ty,...,t; € T such thatv = ut; -- -ty and €(ut;-- - t;—1) < £(ut;---t;) forall 1 < i < k.

Example 4.5. Consider I(5), the dihedral group of order 10. If {r, s} is the set of simple reflec-
tions, recall the Coxeter graph of I,(5) is the graph with an edge between r and s with label 5.
The following depicts the weak Bruhat order on I,(5). Add figure.

We have rs = s(srs), sors > s and rs > r; we can similarly justify sr > r and sr > s. We can
use analogous arguments to justify the rest of the picture.

Remark 4.6. The Bruhat order on S, corresponds to containment of Schubert varieties (i.e., the
Bruhat order is not some random order on W we just pulled out of thin air—it actually comes
from geometry).

Remark 4.7. There is a unique minimal element of W with respect to the Bruhat order—the
identity e. (Justify this to yourself?!)

Next, we’ll study the Bruhat order on S,. For x € S, and i,j € [n], let x[i,j] = #{a €
[i] | x(@) = j}. We can visualize this in the following way. For a permutation o € S,, we can
plot (i, 5(i)) in Z2. Then x[i, j] is the number of dots in the box enclosed by y > j and x < i. For
example, if x = 416352 € S, its plot is given by the red dots in the figure below. Moreover we see
that x[5, 3] = 4, since there are 4 dots in the region enclosed by the blue lines.
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6 [ ]

5 b

4 ®

2 °
1 °

0 1 2 3 4 5 6

Theorem 4.8. Forx,y € S,, we have x < y if and only if x[i, j] < yli, j] for alli, j € [n].

Proof. Suppose y = xt for some t € T with £(x) < ¢(y). Let t = (a b) for a < b. Then we have
x(a) < x(b), and it is not so difficult ot see that x[i, j] < y[i, j] for all i, j € [n]. Thus, this is true
whenever x < y. m]

Example 4.9. The Bruhat order on S, for n = 3, 4 is shown in the following diagram:
4321

231 312

A subword of a word s; - - - s isaword s;, -+ -s; , where 1 < iy <--- <i, < k.

Theorem 4.10 (Subword Property). Foru,v € W, the following are equivalent:
() u <v;
(2) every reduced word for v contains a reduced word for u as a subword;
(3) some reduced word for v contains a reduced word for u as a subword;

We omit the proof and instead refer the reader to the textbook.
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Corollary 4.11. Foru,v € W, we haveu < v if and only if there exist reflections ty, . . ., ty such that
0 =tp---tiuand €(t;- - tyu) > €(ti-y---tiu) forall1 < i < k. Hence, the map w +— w™! is an
automorphism of the Bruhat orderﬁ

Corollary 4.12. It follows that #[e,w] < 2‘“) under the Bruhat order. (This bound is tight—
consider the Boolean lattice.)

Theorem 4.13 (Chain Property). Ifu < v in the Bruhat order, then there is a chainu = xo < x; <
cos < xp =0 with £(x;) = €(x;—1) + 1 forall 1 < i < k. So, u <v ifand only if ¢(v) = £(u) + 1 and
v = ut for somet € T. Therefore, the Bruhat order is in fact a graded poset with rank function given
by length.

5. TUESDAY SEPTEMBER 19
5.1. Properties of the Bruhat Order.

Remark 5.1. For u,0 € W, we have u < v (in the Bruhat order) if and only if some reduced word
for v contains a word representing u.

Proof. The Deletion Property (Theorem [3.9) does the trick. i
Lemma 5.2. Supposeu, w € W are distinct, and let sy, . . ., sq be a reduced word for w that contains
a reduced word for u as a subword. Then there exists somev € W such that

() u<wv;

(2) t(v) =t(u) +1;
(3) some reduced word for v is a subword of s; - - - s3.

Proof. Of all reduced words s;---sj, - - -s’}; -+ -84 for u, choose one such that i, is minimal. Let
t = S¢gSq—1""Sip """ Sq-15¢- Then ut = sy ---5; -+, 1 -8, -+~ g, s0 £(ut) < £(u) + 1. We claim
that this inequality must be strict. Assuming that this is true, then setting v = ut proves the
lemma.

To prove that the inequality is strict, assume for a contradiction that #(u) > ¢(ut). By the

Strong Exchange Property (Theorem [3.5), either
t = sqsq_l . .SP .o .sq_lsq
for some p > iy or
t:sq...sik...Sij...Sr...sl.j...sl.k...sq
for some r < i with r # ;.
Case 1:

2 —~
W:Wt :sl...sq(sqsq_l...Sp...sq_lsq)(sqsq_l...sp...sq_lsq) :Sl...sik...sp...sq’

but this is ridiculous, since £(w) = gq.
Case 2:

N =~ ~ & =~
u=ut _(Sl...sl.l...Sik...sq)(sq...sl.k...Sij...Sr...sl.j...sik...Sq)(sl...sik...sq)
:Sl...sil...Sr...sl.j...sl.k...sq’
which contradicts the minimality of i. O

%By automorphism of a poset we mean the following. Given two posets (P, <p) and (Q, <p), an isomorphism between
P and Q is a bijective map ¢ : P — Q such that x <p y if and only if ¢(x) <o ¢(y). An automorphism of a poset P is
simply a isomorphism from P to itself.
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Theorem 5.3 (The Lifting Property). Suppose u < w ands € Dy(w) \ Dr(u). Thenu < sw and
su < w.

Proof. Let s; - - -s4 be a reduced word for sw. Then ss; ---s4 is a reduced word for w. By the
Subword Property (Theorem [4.10), there exists a subword s;, - - - 53, of ss1 - - - 54 that is a reduced
word for u. Since s ¢ Dy (u), we have that s;; # s. Moreover, ss;, - - - s;, is a reduced word for su
and it is a subword of ss; - - - 5. i

Let P be a poset. A lower bound (resp., upper bound) for x,y € P is an element z € P such that
z <xandz <y (resp., z > x and z > y).

Proposition 5.4. Any elementsu, w € W have a lower bound and an upper bound in Bruhat order.

Proof. The identity is a lower bound for both u and w. To find an upper bound, we induct on
t(u) + £(w). If the £(u) + £(w) = 0, then u = w = e can be upper-bounded by e. Assume that
{(u)+£(w) > 0, and without loss of generality, assume that £(u) > 0. Lets € Dy (u). By induction,
there exist x € W such that x > su and x > w. If s € D (x), then u < x by the Lifting Property,
so x is an upper bound for u and w. If s ¢ Dy (x), then u < sx by the Lifting Property, so sx is an
upper bound for u and w (we have w < x < sx). m]

When W is finite, we have the following proposition:

Proposition 5.5. If W is finite, then there exists wo € W such that w < wy for allw € W. Also,
Dp(wo) =S.
Moreover, if there exists x € W such that Dy (x) = S, then W is finite and x = wy.

Proof. For the first claim, note that the Bruhat order cannot have multiple maximal elements if
W is finite, since they would have to have an upper bound. If Dy (wy) # S, then there exists s € S
such that swy > wy contradicting the maximality of wy.

For the second statement, suppose that Dy (x) = S. We will show that u < x forallu e W
by induction on #(u). If £(u) = 0, then u = ¢, so u < x. Assume £(u) > 0. Let s € D (u). Then
su < u so su < x. But since s € Dy (x), the Lifting Property says that u < x. Then W = [e, x] is
finite (recall that #[e, x] < 2¢®)). O

Often, wy is called the long element.

5.2. Properties of the Long Element. Here are some facts about the long element:

(1) wi =e;
(2) £(wwo) = t(wow) = £(wp) — £(w);
(3) £(wowwo) = £(w);
(4) Te(wwo) =T \ To(w);

(5) £(wo) = TI.
Actually, the maps x — xwj and x — wyx are anti-automorphisms of the Bruhat order (i.e., x < y
if and only if xwy > ywy if and only if wox > wgy), so the map x — wyxwj is an automorphism
of the Bruhat order.

In S,, we have that wy = n(n — 1) - - - 321. Note that xwy is the reverse of x, and wyx is the

complement of x. Lastly, wyxwj is the reverse complement of x.

Example 5.6. Consider x = 416352 € Sq. Note that
(1) xwo = 253614;

7If you go to the gym, this should be your favorite theorem.
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(2) wox = 361425;
(3) woxwy = 524163.

The elements covering e in the Bruhat order are simple reflections, so the map taking s —
woswy for s € S is an automorphism of the Coxeter graph.

6. THURSDAY SEPTEMBER 21

6.1. More on the Long Element. Recall that the elements covering e in the Bruhat order are
simple reflections, so the map taking s = wosw, for s € S is an automorphism of the Coxeter
graph. Hence, the map s — wpsw, for s € S is an automorphism of the Coxeter graph (i.e., a
bijective map preserving adjacencies and labels on the edges).

Example 6.1. Consider S,. The Coxeter graph is the path graph on n — 1 vertices, where s; and
si+1 are adjacent for 1 < i < n — 1. As an exercise, check that wys;wy = sp,—;.

Example 6.2. Consider B, (for n > 3). Here we see that wysiwy = s, i.e., the automorphism

induced by the Coxeter graph is the identity.

Example 6.3. Consider D, for n > 3. Here, we have wys;wy = s; for 2 < i < n — 1. We also have

sp if nis even; sy if nis even;
WoSowWo = . . and  wos;wo = . .
sy if nis odd. so if nis odd.

Every automorphism of the Coxeter graph yields an automorphism of the Coxeter group, and
an automorphism of Bruhat order on W.

Theorem 6.4. Suppose (W,S) is irreducible and |S| > 3. If o : W — W is an automorphism of
Bruhat order fixing all of the simple reflections (i.e., (s) = s for all s € S), then either ¢(x) = x for
allx € Worp(x) =x"! forallx e W.

6.2. Parabolic Subgroups and Quotients. Let /] C S be a subset of simple reflections, and let
W) be the subgroup of W generated by J. This is called a (standardﬂ parabolic subgroup of W.

Proposition 6.5. Let W} be a parabolic subgroup of W. Then

(1) (W}, ]) is a Coxeter system;

(2) forallw € Wy, we have {;(w) = £(w);
(3) Wi NWj = Winy;

(4 (Wr U Wj) = Wyyy;

(5) Wi =W ifandonlyifl=].

If W; is finite, it has a long element, which we will denote by wy(J).

Now, let D{ ={weW|IcDgr(w)cJ}let W/ = Dj\f; and let D; = D.
Proposition 6.6. Everyw € W has a unique factorization w = w/w; withw/ € W/ and w; € Wy.
Moreover, £(w) = £(w/) + £(w)).

Example 6.7. Let W = Sy and J = {s1, s, 54, 57}. Let w = 426915783. We have W/ = 246195783
and wj = 213546789.

8Some define parabolic subgroups to be the subgroups conjugate to standard parabolic subgroups (i.e., parabolic
subgroups as we have defined them above).
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Corollary 6.8. Every coset wWj has a unique representative of minimum length (and it is w/).
These minimum-length coset representatives are the elements of W/.

Proof. If uW; = wWj, then w = uo for some v € W;. Write u = w/u; and u = w/w;. Then
w = w/w; = wujo. So w/ = u/ by the uniqueness of the factorization from Proposition O

Corollary 6.9. If W} is finite, then wW; has a unique element of maximum length; it is w/wy(J).
These maximum-length coset representatives are the elements ofD}g.

Example 6.10. Again let W = Sy with J = {sq, s, 54, 87} and w = 426915783. We have wy(J) =
321546879 and w/wy(J) = 642915873. Note that we can get w/wy(J) by “putting the things you
can” into descending order.

There are also mirrored versions of the objects defined above:
Jw={weW|[Dr(w) CS\J}

is the set of minimum-length coset representatives of right cosets of W;. Every w € W can be
factored uniquely as w = w;/w with w; € Wy and /w € /W (not the same w; as before). (We get
this from {w™! | w € Wj} = Wyand {w™! | w e W/} =/w))

We can restrict Bruhat order to W/ to get an interesting poset, called a parabolic quotient.
Define P/ : W — W/ by P/(w) = w/, i.e., the minimum-length representative of wW;.

Proposition 6.11. We have that P/ is order-preserving. In other words, u < v if and only if P/ (u) <
P/(v).

Corollary 6.12. Any two elements of W/ have an upper bound in the Bruhat order.

Proof. Let u,o € W/. Findw € W withu < wando < w. Then u = P/(u) < P/(w) and

v = P/(v) < P/(w). O

J
0

Proposition 6.13. Suppose W is finite and J] C S. The map a : W/ — W/ defined by a(x) =
woxwg(J) is an antiautomorphism of Bruhat order of W/,

If W/ is finite, then it has a maximal element w

Theorem 6.14. Ifu < w in W/, then there exist xp, x1, ..., xx € W/ withu =x9 < x; <-++ < xp =
w and €(x;) = £(xj—1) + 1 for all i.

Corollary 6.15. The Bruhat order on W/ is graded.

6.3. Lattices. Let P be a poset. For x,y, z € P, we say that z is the greatest lower bound, or meet,
of x and y if z is the unique maximal element of {u € P | u < x,y}. Note that such an element
z need not exist; when it does, we denote it by x A y. The least upper bound, or join, is defined
dually and is denoted x V y.

Definition 6.16. A lattice is a poset L such that any two elements x,y € L have a meet and a
join.

When working with lattices we can regard them as order-theoretic objects (i.e., as posets
with some additional properties) or as algebraic objects (i.e., we can think of A and V as algebraic
operations).
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Example 6.17. The Boolean lattice of subsets of [n] ordered by containment is a lattice (recall
this from Example . Here, x A y = x N y; similarly, x Vy = x U yﬂ

Example 6.18. The divisors of some positive integer N under divisibility is a lattice. Here, x Ay =
ged(x, ), and x V y = lem(x, y). Note that the Boolean lattice on 2] is the lattice of divisors of
the product of n primes. For example, for N = 12 we have

6/12\4
NS
N

Example 6.19. The following is a nonexample of a lattice:

<X

A lattice L is called distributiveif x A (yVz) = (x Vy) A (xV z) forall x,y,z, € L.

Example 6.20. The following lattice is not distributive:

The following is also not distributive:

DL,

7. TUESDAY SEPTEMBER 26

7.1. More Lattices. Recall the definition of a distributive lattice: A lattice L is called distributive
ifxA(yvz)=(xVy A(xVz) foralx,y,zelL.

Example 7.1. The following lattices are not distributive. As an exercise, justify to yourself why
this is the case.

Remembering this example is a good mnemonic for remembering that A denotes the greatest lower bound and that
V denotes the least upper bound.
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Distributive lattices are not just natural from an algebraic viewpoint—distributivity is a nat-
ural property from an order-theoretic vantage point. Let P be a poset. An order ideal of P is a
subset I C P such that for all x,y € P, we have y € [ and x < y imply x € I. We say some
subset S C P generates an order ideal [ if I is the smallest order ideal containing S. An order
ideal generated by a single element is said to be principal. Let J(P) be the set of order ideals of
P, ordered by containment. Then J(P) is a poset, and the subposet given by the principal order
ideals is isomorphic to P.

Example 7.2. Consider the poset P on three elements that has a unique minimal element and is
not a chain. What is J(P)? Add picture later.

Theorem 7.3 (Fundamental Theorem of Finite Distributive Lattices; Birkhoff, 1937). If P is a
finite poset, then J(P) is a distributive lattice. If L is a finite distributive lattice, then there exists a
(unique) finite poset P such that L ~ J(P).
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This is a summary of the history of lattice theory due to Nathan Williams.

Example 7.4. Young’s Lattice is the graded lattice whose elements are partitions (viewed as
Young diagrams) and whose order relations is given by containment (of Young diagrams). Young’s
Lattice is a distributive, infinite lattice.
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Let L be a finite lattice. Every subset X C L has a meet, denoted /\ X, and a join, denoted
\/ X. So L has a unique minimal element, which we denote by 0 = A L. Likewise, L has a unique
maximal element, denoted 1 = \/ L.

Remark 7.5. Note that A{x} = x and \/{x} = x. Moreover, Ao =1and \/ ¢ = 0.

An element j of a lattice L is join-irreducible if j is not the join of a finite subset X C L with
J € X. A meet-irreducible element is defined dually.

In the lattice of divisors of N, the join-irreducible elements are the powers of primes dividing
N. In Young’s Lattice, the join-irreducible elements are the rectangular-shaped Young diagrams.

Proposition 7.6. Every element of a finite lattice can be written as a join of some set of join-
irreducible elements.

Proof. Let L be a finite lattice, and let x € L. If x is join-irreducible, then we are done. Otherwise
x = VX for some set X C L with x ¢ X. By induction, each element of X is a join of some
join-irreducibles. Hence, so is x. m]

Proposition 7.7. If p® is a prime power that divides lcm(my, ..., my), then p*|m; for some i.

7.2. Weak Order and Reduced Words. Let (W, S) be a Coxeter system. For u,0 € W, write
u <g v if there exists x € W such that v = ux and ¢(v) = ¢(u) + £(x). Equivalently, u <g v if and
only if there exists a reduced word for v that contains a reduced word for u as a prefix. The order
<p is called the right weak order.

Write u < o if there exists x € W such that v = xu and £(v) = ¢(x) + £(u). Equivalently,
u <y o if and only if there exists a reduced word for v that contains a reduced word for u as a
suffix. The order <; is called the left weak order.

Remark 7.8. The posets (W, <g) and (W, <;) are isomorphic via the map w — w1,

Example 7.9. Consider W = Ss:


https://media.tenor.com/r4F8Iw85WJAAAAAd/dont-hurt-me-im-too-weak.gif
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$15281 = 321 = $3518

7N\

231 = $182 312 = S$281
213 =54 132 =5,
123 =e

Example 7.10. Consider the weak order on I;(4) with S = {sy, s2}.

51528182 = Wo = $2815281

7\

$18281 525152

$152 $281

I I
l\e/ 2

Example 7.11. Consider the weak order on I;(c0) with S = {sy, s2}.

51525152 52515251
$18281 525152
$152 $281

S1 S2
e
Proposition 7.12. Let (W,S) be a Coxeter system. For u,o € W, we have u <g v if and only if
TL(u) (- TL(U).
Proof idea. If s; - - - 54 is a reduced word for u, then Tj (u) = {s1, 515251, 5152835251, - - .} |

Proposition 7.13. Let W be finite. Then the maps x — xwq and x — wox are antiautomorphisms
of the right weak order. In other words, x <g y if and only if ywy <g xwy if and only if woy <g wox.
The map x — woxw, is an automorphism of the weak order.
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Proof. Suppose s <g ws. Then
L(wowswg) = £(wg) — L(wswg) = £(wg) — (£(wg) — £(ws)) = £(ws) = £(w) + 1 = £(wogwwy) + 1,

which proves the last statement of the result.
We'll finish the rest of the proof next time. O

8. THURSDAY SEPTEMBER 28
8.1. More on the Weak Order.

Remark 8.1. View N? as a poset, where (a,b) < (a’,b’) ifand only if a < @’ and b < b’. Young’s
lattice is isomorphic to the lattice of finite order ideals of N2,

Remark 8.2. Let L be the lattice below. This lattice has no join-irreducible elements.

Proposition 8.3. Foru,v € W, then u <g v if and only if Ty (u) C T.(v).

Proof. Suppose Tp(u) C Tp(v). Let s;---sx be a reduced word for u. Let y; = s1---s;. We will
prove by induction on i that y; <g 0. If i = 0, then y; = e <p 0.

Now, assume 1 < i < k. Lett; = s;---sj_15;Sj—1---$1. Then ty, ..., t; are the distinct elements
of T (u). By induction, there is some reduced word for v of the form s; - - - 5;_15] - - ~s"1, where w =
£(v)—i+1. Sincet; € Ty (u) C Ty (v) and t; € {t1,...,ti-1},wehavet; = sy -5 18] -+ -8y, - s]Si-1 -

for some 1 < m < q. Hence,

2 ’ ’ ’
U:tiU:(sl...si...sl)(sl...Sl._lsl...sm...slsi_l...sl)v
’ 4 4
= (sl - .. sl .« .. sl)(sl DR Si_lsl ... sm .o .. sq)
o S .. -S-S/ .. .5\, .. -S,
— 91 91 m q
This word has length i + ¢ — 1 = £(v), so it is reduced. Hence, y; <g 0. ]

Proposition 8.4. Let W be finite. Then the maps x — xwq and x — wyx are antiautomorphisms
of the right weak order. In other words, x <g y if and only if ywy <g xwy if and only if woy <g wox.
Then map x — woxw is an automorphism of the weak order.

Proof. 1t suffices to show that x — xwy and x — wyx are antiautomorphisms (we get the last
statement for free). Suppose u <g v. Equivalently, £(u"'v) = £(v) — £(u). So

£((wo) " (wou)) = (v~ u) = £((u™'0) ™) = £(u""v) = £(0) — £(u)
= (£(wo) — £(u)) — (£(wo) — £(0)) = £(wou) — £(wo0).
Thus, wov <g wou. O
Proposition 8.5. Forw € W and s € S, the following are equivalent:
(1) s € Dr(w);

(2) s <pw;
(3) there exists a reduced word for w that begins with s.

-Sl
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Proof. Note that (2) and (3) are equivalent by the definition of the right weak order.

(3) = (1): If ssq - - - s is a reduced word for w, then sy - - -sp = sw, so £(sw) < k <k+1=
t(w).

(1) = (3): Suppose s € Dr(w). Let s - - -5, be a reduced word for sw. Then ss] ---s; is a

reduced word for w that begins with s. O
Proposition 8.6. Ifu <g v, then [u,v]g = [e,u '0]g. We will show that the map f : [e,u 0] —

[u,v]Rr given by f(x) = ux is a poset isomorphism.

Proof. We will show that the map f : [e,u '0]g — [u,v]r given by f(x) = ux is a poset isomor-

phism.
We have
(1) £(v) = t(u) + £(u0) < £(u) + £(x) + £(x"'u o)
and
(2) £(v) < €(ux) + £(x'u"l) < £(u) +€(x) + £(x"u"0).

Now, x <g u'v if and only if equality holds in (1), which is true if and only if equality holds in
(2). This holds if and only if u <g ux < v. Hence, x € [e,u"'0]g if and only if f(x) € [u,v]g. Note
that f is a bijection.
For x,y € [e,u !0, a similar argument shows that x € [e, y]r if and only if ux € [u, uy]z.
So x <p y if and only if ux <p uy.
O

A meet-semilattice is a poset L such that every finite subset of L has a meet. A meet-semilattice
is called complete if every (not necessarily finite) subset of L has a meet. Note that Bruhat order
is not a meet-semilattice—consider the Bruhat order on Ss.

Theorem 8.7. The weak order (W, <g) is a complete meet-semilattice.

Proof. Suppose x,y € W; note that it suffices to show x A y exists. We induct on #(x). Let
E =le,x]g N [e,y] — R If E = {e}. Induct on #(x). Let E = [e,x]g N [e,y]r. If E = {e}, then
e = x Ay. We may assume E # {e}. Pick z € E of maximum length. We will show that z = x A y;
to do so, we need to prove that w <g z for all w € E.
Supposes € ENS. Letz =s1---5,, x = sl---srsi---s}’,,
words. If s £g z, then by the Exchange Property, we have x = ss;y---s.8] -5

and Yy=S3-"" Srsi/ .. S:I/ be reduced

,011
i

s,and y =
sl-‘-s,s;’---s/;.’-~-s(’z’ are reduced. So ss;---s, € E,but £(ss;---s,) =r+1>r =£(z), whichis a
contradiction. So, s <p z.

Now, let w € E\ {e}. We use the following fact: if x € Dy (u) N Dy (v), then u <g v if and only
if su <g su. Lets € Dr(w). Thens <g w <g xands <g w <g y. Sos € D(x) N Dr(y). Also,
s € Dy (z) by our work in the above. Since #(sx) < £(x), we apply the inductive hypothesis to sx,
which tells us that z’ := sx A sy exists. Applying the aforementioned fact to u = x and v = w, we
have sw <g sx; similarly, sw <g sy. It follows that sw <g z’. To be continued... O

9. TuEsDAY OCTOBER 3
10. THURSDAY OCTOBER 5

10.1. Pop. Let L be a locally finite meet-semilattice. Define Pop : L — L by Pop(x) = A({x} U
{yeL|r<x}).
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Example 10.1. Consider Pop on the following example

&

Suppose W is finite. The Coxeter number of W is h = 2|T|/|S|. When W = S,,, h = 2(3)/(n -
1) = n. Since we can classify the finite irreducible Coxeter groups, we can write down all of their
Coxeter numbers:
w ‘ Ap-1=S, By Dy Es E; Eg F, Hs H, IZ(m)
h‘ n 2n 2n-2 12 18 30 12 10 30 m

Theorem 10.2 (Defant, 2022). The maximum number of iterations of Pop needed to send an element
of Wtoeish—1.If] =S\ {s} for somes € S, then wy(J)wy requires h — 1 iterations of Pop to

reach e.

Example 10.3. Consider I,(5).

10.2. S, Geometrically. For 1 < i < j < n,let Hj; = {(x1,...,x,) € R" | x; = x;}. The
collection of hyperplanes H;; is called the (nth) braid arrangement. Reflecting through H;; has
the effect of swapping the ith and jth coordinates. So S, acts on R" by permuting coordinates:
W(X1, ..., %n) = (Xy-1(1)s - - > Xyy=1(n))- SO Sy, can be identified with the group generated by reflec-
tions through hyperplanes in the braid arrangement.

A set partition of [n] is a collection of disjoint subsets of [n] whose union is [n]. The subsets
making up a set parition are called blocks. The number of set partitions of [n] is called the nth
Bell number. It can be shown that

n
Z Bell,,x—' =1,
n!

n>0

Moreover, Bell,, is the number of rhyme schemes of a poem with n lines. For example, a poem
with the rhyme scheme AABA corresponds to {{1, 2,4}, {3}}. Set partitions of [n] correspond to
intersections of hyperplanes in the braid arrangement.
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Example 10.4. Let n = 6. The following is a set partition of [6]: {{1, 2,5}, {3, 6}, {4}}
Consider Hi» N Hys N Hys N Hsg (note that Hys is redundant here). Note that
Hiz N Hys N Hys N Hse = {(x,%,y,2,%,y) | x,y,z € R}.
Intersections of hyperplanes in the “Coxeter arrangement” of W are analogs of set partitions.

Fact 10.5. Intersections of hyperplanes in the Coxeter arrangement also correspond to conjugates
of a standard parabolic subgroup. Suppose W acts on R™. If U = wW;w™!, then the points in R"
fixed by all elements of U form an intersection of hyperplanes in the Coxeter arrangement.

Let [, be the set of set partitions of [n]. We endow [ ], with a partial order such that p < p’if
every block of p is contained in a block of p’. This is called the nth partition lattice. Here the meet
is the “greatest common refinement” and the join is given by “combining blocks as minimally as
possible.”

Example 10.6. Consider n = 3.
123

N

12|3 13]2 1]23

N |

1213
A standard Coxeter element of W is an element ¢ € W obtained by multiplying all of the
simple reflections in some order.
Example 10.7. In S,, we have that ¢ = sys5---s,-1 = (12---n) is a standard Coxeter element.

Another is
¢ = l_l Si l_[ Si.

i¢27 ie2Z
There correspond to acyclic orientations of the Coxeter graph. In S7, we have
*—0—0—0—0—0
Exercise 10.8. Suppose the Coxeter graph of W is a tree. Show that all standard Coxeter elements
are conjugate to each other.

If W is finite and irreducible, then all Coxeter elements are conjugate to each other. Hence,
they all have the same order.

Fact 10.9. This order is the Coxeter number h. A Coxeter element is an element that is conjugate
to a standard Coxeter element.

Let T = {wsw™! | w € W,s € S}. This is called the reflection length of w. Let r(w) be the
minimum number of reflections needed to write w.

Example 10.10. For w € S, we have ¢#7(w) = n — #{cycles in w}. Thus, ¢r(e) = n—n =0 and
r((ij))=n-(n-1) =1

Note that if u and v are conjugate, then ¢ (u) = ¢r(v). The absolute order on W is defined so
that u <., v if and only if £r(u10) = £r(v) — ¢ (u).

10 Another variant of stack sorting exists for set partitions; this is called foot-sorting for socks,
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11. TuespAY OCTOBER 10

11.1. Reflection. Recall that a reflection word is a word over T = {wsw™! | w € W,s € S}. The
reflection length of w € W, denoted £y (w) is the minimum length of a reflection word representing
w. The absolute order on W is the partial order <., defined so that u <, v if and only if #r (u"'0) =
tr(v) —fr(u). If u and v are conjugate, then they have the same reflection length. Indeed, suppose
v = wuw™! for some element w. If u = t;---t, fort;---t, € T, thenv = (wtyw™?) - - - (wt,w™}).
Since u~'v and v™'u are conjugate (u™'o = v} (vu"!)v), we have u <4 v if and only if ¢r(vu™!) =
tr(v) — tr(u).

Fact 11.1. Suppose W is finite. The maximal elements of the absolute order are the Coxeter
elements.

Example 11.2. In S3, we have the following:
(132) (123)

XFN\

(12) (13) (23)

where we note that

er((13)(123)) = £r((13)(123)) = £r((12)) = 1 = £r((123)) — r ((13)).

We can represent a set partition of [n] pictorially by putting 1,. . ., n clockwise around a circle
and drawing convex hulls of the blocks. This is best illustrated by the following example:

Example 11.3. Let n = 8 and consider the partition {{1, 3}, {2,4,5, 8}, {6}, {7} }.

e

We say a set partition of [n] is noncrossing if none of the blocks cross each other in the picture.
The example above is not noncrossing, whereas the one below is noncrossing:

Example 11.4. Again let n = 8 and consider the partition {{1, 3}, {2}, {4, 5,8}, {6,7}}.

Definition 11.5. (Kreweras, 1972) The noncrossing partition lattice NC,, is the sublattice of II,
consisting of the noncrossing partitions.

Example 11.6. For n = 3, every partition is noncrossing, and NCs looks like:
123

N

12|3 13]2 1/23

N |

12/3

Fact 11.7. Let ¢ be a Coxeter element of S,. Then NC,, ~ [e, ¢] 4.
Fact 11.8. We have that

1 2
INC,| = Cat(S,) = —( "),
n+1\n
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where Cat(S,) is the nth Catalan number.

Definition 11.9. (Brady-Watt, 2002; Bessis, 2003) Let ¢ be a Coxeter element of a finite irre-
ducible Coxeter group W. The c-noncrossing partition lattice is defined to be

NC(W,c) = [e,c]ap.
Let Cat(W) = INC(W,¢)|. This is called the W-Catalan number.

Theorem 11.10 (Brady-Watt, 2002; Bessis, 2003). The c-noncrossing partition lattice NC(W, ¢) is
a lattice.

Take a standard Coxeter element ¢, and consider the word ¢® = ccccc---. For w € W, the
c-sorting word is the reduced word for w that is lexicographically first as a subword of ¢™. Let

Ic(k) (w) be the set of simple reflections from the kth c in ¢™ used in the c-sorting word for w.

Example 11.11. Let W = $* and let ¢ = s;5553. The element w = 4132 has c-sorting word s3s35,51,
where Ic(l)(w) = {s2,83}, IC(Z) (w) = {s2}, and Ic(3)(w) = {s1}. Add how to go about doing this later.
The element w’ = 1432 has c-sorting word sss3s2, and Ic(l)(w’) = {s5,53} and Ic(z)(w’) = {s9}.

Definition 11.12. An element w € W is called c-sortable ifIél)(w) D IC(Z)(W) D IC(S)(W) Do
Exercise 11.13. Let W = §,,. Let ¢ = 5153 - - - sp—1. Then w is c-sortable if and only if it avoids 312.

Theorem 11.14 (Reading). Fix a Coxeter element ¢ of W. Then the number of c-sortable elements
of W is Cat(W).

Proof idea. Lets;,, ..., s;, be the c-sorting word for wy. Let t; = s;, - - “Si; e SiySiy- Thenty, to, ..., tN
is a list of all reflections of W. For w € W, letcov(w) = {t € T | tw<gw} = {wsw™! | s € Dr(w)}.
Let /(w) be the element of W obtained by multiplying the reflections in cov(w) in the order that

they appear in the list ¢y, ..., s, ;. Then ¢ restricts to a bijection from the set of c-sortable
elements to the noncrossing partition lattice NC(W, c). ]

Let Camb, = {w € W | w is ¢ sortable}. View Camb, as a subposet of the right weak order.

Theorem 11.15 (Reading). Camb, is a sublattice of the right weak order. We call it the c-Cambrian
lattice. For each w € W, the set {y € W | y <g w} N Camb, has a unique maximal element, which

we denote by Jrcl(w).

12. THURSDAY OCTOBER 12

12.1. More on Cambrian Lattices. Let W be a finite irreducible Coxeter group. Fix a standard
Coxeter element c. Let Camb, be the set of c-sortable elements of W, viewed as a subposet of the
(right) weak order. Recall the following theorem, which was stated originally as Theorem [12.1}

Theorem 12.1 (Reading). Camb, is a sublattice of the right weak order. For each w € W, the set

{y € Camb, | y < w} has a unique maximal element ncl(w). The map Jl'cl : W — Camb, is a
surjective lattice homomorphism from the weak order to Camb,.

Fact 12.2. When W = S, the Hasse diagram of Camb, is isomorphic (as a graph) to the 1-skeleton
of an (n — 1)-dimensional polytope called the associahedron.

Define an equivalence relation on W as follows: u = v if and only if ﬂi (u) = JT(}L (v). In Sy,
glue the equivalent regions of the braid arrangement.
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Example 12.3. Consider W = S5, and let ¢ = s;5s,. Recall the associated braid arrangement:

S28,
Y s
e
@)

When W = S, and ¢ = s;35; - - - sp—1, we have that Camb, is the set of 312-avoiding permuta-
tions in S,, and Camb, is the nth Tamari lattice, which was introduced by Dev Tamari in 1962.
In this case, the bipartite Coxeter elements are (s153S5 - -+ ) (525456 - -+ ) and (s2548¢ - -+ ) (515385 -+ - ).
More generally, if W is finite and irreducible, its Coxeter graph is a tree. Find a bipartition X LI' Y
of the simple reflections, and let cx = [[,cx s and ¢y = [[;cy s. Then cxcy and cycx are bipartite
Coxeter elements.

Example 12.4. Consider Ds.

Theorem 12.5 (Barnard-Defant-Hanson, 2023++). The maximum number of iterations of Pop
needed to send an element of Camb, to the bottom element 0 is h — 1, where h = 2|T|/|S| is the
Coxeter number of W.
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Theorem 12.6 (Hong, 2022). Let a;(n) be the number of elements of the nth Tamari lattice that

require t or fewer iterations of Pop to reach 0. Then
F4

ar(n)z" = -,
Z ! 1-22-3',Cj 2

nx

where here C;_y is the (j — 1)st Catalan number.
12.2. Dyck Paths.

Definition 12.7. A Dyck path is a lattice path using unit up steps and unit down steps starting at
the origin and ending on the x-axis such that the path never passes below the x-axis. The number
of Dyck paths of length 2n is C,.

Define a partial order on the set of Dyck paths of length 2n so that A < A’ if A lies weakly
below. We illustrated this partial order using the following example:

Example 12.9. Set n = 3. We see that the partial order on the Dyck paths of length 6 is given
below. There are 5 of these, since 5 is the third Catalan number. Add picture later.

A Motzkin path is a lattice path using unit up, unit down, and unit horizontal steps that
likewise begins at the origin, ends on the x-axis, and never passes below the x-axis. The number
of Motzkin paths of length n is called the nth Motzkin number.

Example 12.10. Below are the Motzkin paths of length 4; hence we see that the 4th Motzkin

AL ARG IAG
N A

We can also consider Pop on the lattice of Dyck paths.

Example 12.11. Add picture later.
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Theorem 12.12 (Sapoinakis—-Tasoulas-Tsikouras, 2006). The size of the image of Pop on the lattice

of Dyck paths of length 2n is
”i 1 (2k\(n+k—-1)\|,
k+1\k 3k
k=0

Hint for the following homework problem. Problem Set 3, Problem 1(b): Show that D, >
n/2 — o(n). Hint: every permutation in the image of Pop on S, has all of its descending runs of
size at most 3 (prove this if you want to use it).

Theorem 12.13 (Hong, 2022). The size of the image of Pop on the nth Tamari lattice is the (n—1)st
Motzkin number.

Example 12.14. Add example later.

The Type-B Tamari lattice Tam(B,) is Camb,, where c is the Coxeter element sys; - - - s,—; of
B,.

Theorem 12.15 (Choi-Sun, 2023+). The size of the image of Pop on Tam(B,) is
ntl
Lij (n— 1)(n+1—k)
P k k

13. TUueEsDAY OCTOBER 17

13.1. Cambrian Lattices and Toric Posets. Here are some examples of Cambrian lattices for
W = Bs. Add pictures later.

Consider Camb, = {c-sortable elements of W}. The set of atoms (i.e., the elements covering
0) are the simple reflections. For s € S, it turns out that

{x € Camb, | x > sand x # s’ foralls’ € S\ {s}}

has a unique maximal element p;. The p;’s are intimately connected to quiver representations. Let
0. = {x € Camb, | x > p, for some s € S}.

Example 13.1. Let W = S3 and ¢ = s;5,. Then Camb, is given by the following:

Theorem 13.2 (Barnard-Defant-Hanson, 2023++). An elementw € Camb, is in the image of Pop
if and only if w ¢ 0. and the right descents of w all commute with each other.

Let G be a graph. An acyclic orientation of G is an orientation of the edges of G with no
directed cycles. If « is an acyclic orientation, we obtain a partial order <, on the set of vertices
in which u <, v if and only if there is a directed path in & from u to v.

Example 13.3. Consider the following graph, whose nodes we replace by vertex labels:

HThis was refined by Choi and Sun recently.
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The resulting poset is given by

Let (W, S) be a Coxeter system with finitely many simple reflections. Let T' be the Coxeter
graph.

Proposition 13.4. The standard Coxeter elements of W correspond bijectively to acyclic orientations
of I'. The reduced words of the standard Coxeter element corresponding to - are the linear extensions

of (S, <qa).

Example 13.5. We illustrate the theorem using W = S¢. Consider the following acyclic orienta-
tion of the Coxeter graph with its corresponding poset

S5
$2 S4

® @< ® >® >®
$1 $2 $3 S4 S5 $1 S3

Hence, the reduced words of the standard Coxeter element corresponding to this acyclic orien-
tation are

{3133323435, 5153545255, $153545552, $351545552, $351545255, 3331323435}-

Proof. If s;, - - - s;, and sj, - - - s are two linear extensions of (S, <,), then we can get from one to
the other using Bender—Knuth involutions (by a problem on Problem Set 2). These correspond
to commutation moves. Thus s;, - --s;, = sj, - - - 5, (as elements of W).

Conversely, if s; - --s;, = sj, -+ -sj, (in W), then by Matsumoto’s Theorem, we can get from
one to the other by applying commutation moves. These do not affect the acyclic orientation. O

Given some acyclic orientation and a sink in the orientation, we can perform a source-to-sink
move by reversing the arrows going out of the source. Likewise, we can perform sink-to-source
moves. For example:
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S
<~
~
g
<+
S

A

R—3 3
N———
Qé—

(0] >

~

> X > Z

If s is a source of «, then the corresponding Coxeter element has a reduced word starting
with s. Performing a source-to-sink move to s just conjugates the associated Coxeter element by
s.

Example 13.6. Let W = S4. The acyclic orientation

—>0« L @ i d
S1 S2 S3 S4 S5

corresponds to s351525455. Performing a source-to-sink move at s;, we have the following acyclic
orientation

® >@ >@4 ® >®
$1 $2 $3 S4 S5

which corresponds to s;5,545553.

A toric poset of a graph G is an equivalence class of acylic orientations of G, where two
acyclic orientations are equivalent if one can be obtained in the other via source-to-sink and
sink-to-source moves.

Theorem 13.7. Two standard Coxeter elements of W are conjugate if and only if their corresponding
acyclic orientations of I belong to the same toric poset.

13.2. Geometric Representations. Let (W, S) be a Coxeter system. Let V be a real vector space

with basis {a; | s € S}. Define a bilinear form (e|e) on V by letting (as|ay) = — cos(r/m(s,s”)).
For s € S, define o, : V. — V by 05(f) = B — 2(as|f)as. The map s — o extends to a faithful
representation of W. That is, for w = s; ---s; € W, we can define o,, = s, "+ Os; and the

map w — o, is a well-defined injective group homomorphism W — GL(V). This is called the
standard geometric representation of W.

Example 13.8. Let W = §,,, and let

Zrf

Let e; be the ith standard basis vector in R" (i.e., the vector whose ith coordinate is 1 and all other
coordinates 0). Let a5, = @; = e; — €;41. It is not difficult to compute that (a;|@;) = —cos(x/1) =1
and that (aj|aiz1) = — cos(n/3) = 1/2 and that (a;|ej) = —cos(7/2) = 0 for |i — j| > 2. Hence,

V:{(yl,...,yn) eR"

Us,-(ai) = — Z(Ofilai)ai =~ = €41 — €
O'si(ai+1) = Qip1 — 2(@i| A1) i = Qi1 + A = €5 — eiyg;

O's,-(ai—l) = a1 — 2(ai|lai-1) o = ooy + o = ej_1 — ejyq.

For |i — j| > 2, we have oy, (@}) = aj — 2(ai|aj)a; = a;.



MATH 155R: ALGEBRAIC COMBINATORICS 31

14. THURSDAY OCTOBER 19

14.1. The Geometric Representation and Roots. Let V be a real vector space with basis
{as | s € S}. Define bilinear form on V by (aslay) = —cos(x/m(s,s’)). Define oy : V. — V
by os(p) = p — 2(as|f)as. For w = s;, - - - 5; , we have o,, = 05, = O, -

Recall the following example from last lecture:

Example 14.1. Let W = §,,, and let

2]

Let e; be the ith standard basis vector in R" (i.e., the vector whose ith coordinate is 1 and all other
coordinates 0). Let a5, = @; = e; — €;41. It is not difficult to compute that (a;|@;) = —cos(z/1) =1
and that (aj|aiz1) = — cos(n/3) = 1/2 and that (a;|ej) = —cos(x/2) = 0 for |i — j| > 2. Hence,

V:{(yl,...,yn) e R

o5, (@) = ai — 2(ai|la)a; = —a; = ejp1 — €
o, (@ir1) = aiv1 — 2(ailairr) o = @i + 0 = €5 — ejyp;
Usi(ai—l) =i — 2(ailai)a; = aiy + o = ey — ey
For |i — j| > 2, we have oy, (@) = a; — 2(ailaj)a; = aj. Soif f = (B1,..., ), then o5, (B) =
(B1s- -5 Pists Pis - -+ Pn)- In general, o,,(f) = (ﬁw-l(l), .. .,ﬁw—l(n)). From here on out, we will
often use wf to denote o,,(f) for convenience and cleanliness of notation.

Example 14.2. For an even more concrete example, consider the dihedral group of order 12,
I,(6). We see that
s1tts, = s, — 2(a,|as,)as, = as, + 2 cos(m/6)a,
and
s10ts; = s, — 2(ats,|as) ) as, = —a,.
We can visualize the I,(m)-action on this vector space geometrically as reflections of the vectors.
Add figure later.

20(1 (24)

20 o

az

a1 /0 Oo\T (1

Proposition 14.3. The action of W on 'V preserves (e|e).

Proof. For B,y € V and s € S, we have
(sBlsy) = (B — 2(as|B)aaly — 2(asly)as)
= (Bly) — 2(asly) (Blas) — 2(as| B) (asly) + 4(as| B) (asly) (aslas) = (Bly)
because (fB|as) = (as|f) and (as|as). O

Let ¢ = {was; | w € W,s € S}. We call ¢ the root system of W, and elements of ¢ are called
roots. For s € S, we call a5 simple roots.
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Fact 14.4. Every root f € ¢ can be written uniquely as ) s c;as for some real numbers c;.
Moreover, the coefficients ¢ are either all nonnegative or all nonpositive.

A root is said to be positive if it is in Rsospan{a;}; a root is said to be negative if it is in
Rospan{as}. Let ¢* and ¢~ denote the sets of positive and negative roots, respectively. Note
that —¢~ = ¢*. Moreover, we may write

b=4"ug
Since the action of W preserves (e|e) and (as|as) = 1 for all s € S, it follows that (S|8) = 1 for all
roots ff € ¢. Thus, R N ¢ = {+f}.
Recall that for a vector space V, its dual V* is the space of linear functions p : V.— R. There
is a natural pairing of V* and V defined by (p, ) = p(p). For f € V, consider the hyperplane
Hp={peV"|p(p) =0}
The Coxeter arrangement of W is the set Hy = {Hp | p € ¢}.

Example 14.5. Let W = S and V = {(y1,y2,¥3) € R® | y1 + y2 + y3 = 0}. Fix pictures (ChatGPT
made these).

o~ 2 —, —2 —a3

a

Example 14.6. Let W = S, and V the standard geometric representation of W. Then
p={ei—ej|1<ij<ni#j}
and w(e; — ei41) = ey(i) — w(i+1)- We have
p*={es—ej|1<i<j<n} and ¢ ={ej—e|1<i<j<n}
We may think of V* as R" /span{(1, ..., 1)}, where ((x;), (yi)) = X; xiyi- Then He,—e; = {(x1,...,%,) €
V* | xi = x;}.
Example 14.7. Let W = B, and V the standard geometric represntation of W. Note that a5, =
a; = e — e if 1 <i < n—1and that a;, = @y = e;. Moreover, we have
p={()meitej|1<i<j<ntU{xe|1<i<n}
¢t ={e;xej|1<i<ntU{e|1<i<n}

- ={-eitej|1<i<nfU{-e|1<i<n}
Regard V* as R", where ((x;), (yi)) = > xiyi- Then He—e; = {(x1, . 0xn) | X = xj}, Heyve; =
{(x1,...,x0) | xi = =x;}, and H,, = {(x1,...,xn) | x; = 0}.

A region of the Coxeter arrangement of Hyy is the closure of a connected component of
V*\ Upep Hp- Let B ={p € V* | p(as) > 0 for all s € S}. We call B the base region.

There is an action of W on V* satisfying (wp, 8) = (p,w ') forall p € V*, f € V, and
w € W. This induces an action of W on the regions of Hyy. This is a free action (i.e., for any
region R, the only element of W that fixes R is e). This allows us to identify w € W with wB.
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15. TuespAY OCTOBER 24

15.1. The Tits Cone. Recall that V is a real vector space with basis {a; | s € S}; let V* denote
the dual space. For p € V*and f € V, we let (p,) = p(f). Fors € S and € V, we have
sf = p—2(as|f)as. This extends to an action of W on V. The root system ¢ = {wa, | s € S, w € W}.
Let Hs = {p € V* | p(B) = 0}. Also recall that Hy = {Hp | f € ¢} is called the Coxeter
arrangement of W. There is an action of W on V* given by (wp, B) = (p, w ' B). A region of Hy
is the closure of a connected component of V* \ Jgeg Hp. We obtain a free action of W on the
set of regions of Hyy. The base regionisB = {p € V* | p(as) > 0 for all s € S}. We can identify
w € W with wB.

Example 15.1. Consider W = S3 so that V = {(y1, y2,y3) € R® | y1 +y2 +y3 = 0}.

HQ’QL

H‘z'ls

Recall that a bilinear form is positive definite if B(v,v) > 0 for all v # 0.
Remark 15.2. We see that W is finite if and only if (e|e) is positive definite.

When W is finite, every region of Hyy is identifies with some unique element of W. This is
false when W is infinite. We define the Tits cone of W to be

| wB.

wew

Example 15.3. Consider I;(c0), generated by r, s with m(r,s) = co.
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VAR EE V'V N N N\
The Tits cone is the open lower half-plane together with the origin.

Example 15.4. Consider W = S5. Add picture later.

Note here that the reduced words for w € W correspond to maximal chains of [e, w]r.

For f € ¢ define tg : V. — V by tgy = y — 2(y|f) B (note that t5 = t_g). If B = a;, then t5 = s.
More generally, if f = was, then
tgy = y=2(ylwas)was = w(w™ly=2(y|2a5) &) = w(w™y=2(w™ylag)as) = w(sw™'y) = wswly.
This shows that t3 and wsw ™" agree as elements of GL(V'). The standard geometric representation
is faithful, so we can identify tg with wsw L, Letting T = {wsw™l | s €S, we W}, we obtain a

map p : ¢* — T given by p(f) = tg.

Proposition 15.5. The map p : ¢* — T is a bijection.

Proof. To see injectivity, suppose that 8, 8" € ¢™ and tg = tg. Thentg = - 2(BIf)f=f - 28 =
—p. Similarly, we have tg = g — 2(f|f')f’. Thus, f - 2(B|p) ' = —p, implying g = (B|f)f’. O

16. THURSDAY OCTOBER 26

Recall: §3 has Coxeter diagram a triangle with vertices sy, s1, S2.

Let T = {wsw™' : w € W, s € S}. We obtain a bijection p : $* — T given by p(f) = ts, where
tgy =v = 2(yIp)p-
Fact 16.1. Forw € W and and y € ¢*, wy € ¢~ iff t, € Tr(w).

Example 16.2. W =5,.y =¢;—¢; (1 < i < j < n). In this case, the reflection t, = (i j). We have
WY = ey(i) — w(j), S0 wy € ¢~ iff w(i) > w(j) iff (i j) € Tr(w).
For X € W, let XB = U,exxB. Say X is convex m if XB is an intersection of half-spaces

determined by hyperplanes in the Coxeter arrangement Hyy and the Tits cone. (If X = W, we get
the whole Tits cone.)

diagram (picture with triangles highlighted sy, e, s1, $051, S0, $150, $15051)-
(diagram with 6 regions 123 132 231 321 312 213 clockwise from bottom, 213 312 shaded).
> diagram -
12This definition of convex coincides with the usual geometric notion.
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Suppose P = ([n], <p) where [n] := {1, 2, ...,n} isaposet. A linear extension of P is a bijection
w : P — [n] such that w(i) < w(j) whenever i <p j.

Example 16.3. The linear extensions of

213
1

3[3]2
(21

are 213 and 312.

This poset has relations 2 <p 1 and 2 <p 3, which correspond to the linear inequalities
X2 < X1 and X2 < X3.

The inequality x; < x; corresponds to the half-space where the second coordinate is smaller
than the first (top side of line with angle 120 from positive x-axis) and the other inequality cor-
responds to the half-space where the second coordinate is smaller than the third (bottom side of
line with angle 60 from positive x-axis).

In general, nonempty convex sets in S, are in bijective correspondence with partial orders
on [n]. The elements of the convex set are the linear extensions of the poset. Thus, nonempty
convex sets in Coxeter groups generalize finite posets.

(shaded pink region in LHS of board)

Definition 16.4. Let £ be a convex subset of W. For s € S, define the Bender-Knuth involution
BKs: £L — Lby

sw ifswe L;

Bs(w) = {w ifswée L.

Fact 16.5. This is a good fact. Any element of £ can be obtained from any other element of £
by applying some sequence of Bender-Knuth involutions.

(diagram modified: s1s0s1 to s1so by BK s0 and 101 to 01 by BKs1)
Proof. Convex sets are connected. O
We will take a detour into hyperplane arrangements.

Definition 16.6. A hyperplane in R" is a codimension 1 affine subspace. [So a hyperplane is of
the form {x € R" : f(x) = a}, where f : R" — R is a linear functional and a € R.]

Definition 16.7. A hyperplane arrangement in R" is a set of hyperplanes.

Definition 16.8. A hyperplane arrangement H is central if all of the hyperplanes in H contain
the origin. Instead of affine subspaces, they’re linear subspaces.

Assume H is finite and central.

Definition 16.9. A region of H is the closure of a connected component of R" \ Ugcq/H.

Definition 16.10. A wall of a region R is a hyperplane in H whose intersection with R has
codimension 1.

Definition 16.11. A region is simplicial if it has exactly n walls. Say H is simplicial if all of its
regions are simplicial.

make diagr

insert diagr
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Ficure 1. Happy Halloween!

Example 16.12. Every finite central arrangement in R? is simplicial.

Exercise on final pset: Assume NyegH = {0}. Find a finite central hyperplane arrangement
in R? that is not simplicial.

Example 16.13. Let W be a finite Coxeter group. Then Hjy is simplicial. The walls of wB are
the hyperplanes H,,-1, fors € S.

Definition 16.14. A hyperplane arrangment is essential if N\geq/H = {0}.

Let H be a finite central essential hyperplane arrangement in R”. Fix a base region B of H.
For each region R, let Inv(R) be the set of hyperplanes in H that separate R from B.
example with R,B invR

Definition 16.15. The poset of regions of H is the partial order on the set of regions in which
R C R if Inv(R) C Inv(R’). Note this depends on the choice of base region B.

The poset of regions is the left weak order in the case of Coxeter groups. Consider Hyy as
before. For w € W,
Inv(wB) = {Hp : tg € Tr(w)}.
Thus, the poset of regions of Hyy is the left weak order on W [since u <j v iff Tr(u) C Tr(v)].

Theorem 16.16 (Bjorner-Edelman-Ziegler). Let H be a finite central essential hyperplane arrange-
ment in R", and fix a base region B. If H is simplicial, then the poset of regions is a lattice. True for
any choice of base region.

Summary: Consider the sets T of reflections, ¢* of positive roots, Hy of hyperplanes in

Coxeter arrangments. These are in bijection with one another.
Suppose f € ¢*. Forw € W,

tg € lR(W) & wpe€ ¢ < HgeInv(wB).

17. HALLOWEEN
For ff € ¢, let
dp(f) = min{k | wp € ¢~ for some w € W, #(w) = k}.

We call dp(p) the depth of . For example, dp(f) = 1if and only if f € {a; | s € S}. The root
poset is the partial order on ¢* defined so that f <y if dp(y) = dp(f) + 1 and y = sf for some
s € S. The minimal elements of the root poset are the simple roots. The root poset is graded with
rank function dp.

Example 17.1. Consider S5 = A4. Write abcd for aa; + ba; + cas + day. Add picture later.

Fact 17.2. Order ideals of the root poset of type A,_; are in bijection with Dyck paths of size 2n.
Add picture later.

Use ¢ (W) to denote the root poset of W. By the fact above, we have |J(¢*(A,-1))]| is the
Catalan number Cat(S,) = Cat(A,_1).

Fact 17.3. If W is a finite irreducible Coxeter group, then |J(¢*(W))| = Cat(W).
Example 17.4. Consider S;. Write for aoy + bay + cas.
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17.1. Enumeration. For A ¢ W, let A(q) = Y,,c4 ¢°™" (assume |S| < o). We want to compute
W(q).

Lemma 17.5. If W = W; X - - - X Wy is the direct product of Coxeter systems, then
k
w(g) = [ wi(e.
i=1

Proof. If w = (wy, ..., wy), where w; € W, then ¢£(w) = Zle £(w;). So

W(q) = Z q[(w) — Z ... Z qf(W1)+"'+f(Wk) — ﬁm(q),
1

weWw w1 EW; Wi €Wy i=

as desired. O
Lemma 17.6. For J C S, we have W(q) = W/ (q)W;(q).
Proof. We have

W(q) = Z qt’(W) _ Z qé’(WJ)H(wJ) _ Z ql(w]) Z q[(w])’
wew wew wyEW) wlew/

as desired. m|

Thus, in order to compute W(q), we just need to compute W;(q) and W/ (q) for some ¢ #
J & S. Since Wj is a Coxeter group, we can assume inductively that we have computed W;(qg).
But W/ is not a Coxeter group.

Recall that D} = {w € W | I € Dg(w) C Js}, D; = DI', and W/ = D}V

Proposition 17.7. ForI C J C S, we have

Dl(q)= ), (-n)"KIwS\(g).
J\ICKc]J

Proof. For each K C S, we have
$*K(g) = ) Dilg).

LcK
Thus,
D, oMW = X ()N Y Dig) =Y D@ Y, (UL
J\ICKcJ J\ICKcJ LcK LcJy (J\I)ULcCKcJ

By the Principle of Inclusion-Exclusion, we have

(=)l = {1 it J\DUL=]J;

0 otherwise.

(J\IULCKc]J
So,
Doug > ("= 3" Di(g) =D](g).
Lcj (J\)ULcKc]J IcLcj

as desired. O
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Corollary 17.8. If W is finite, then

Z (-1)Kl gtwo)
L Wi(q)  W(g)
If W is infinite, then

(- 1)|K|
1%15 Wi(q)
Proof. Put I = ] =S in the Proposition:

Di(q) _ s\ W () (- o (-]
W(q) _;ls( ) Wi(q ) Z I Wa(w) Z Wi(q)

KcS

For W finite, note that Dg(q) = ¢’™); for W infinite, note that Dg(q) =0. O

Example 17.9. Let W = B, with simple reflections S = {a, b} and m(a, b) = 4. We have £(w,) =
t(abab) = 4, so

¢ _ t _t ot ot o1 11
W(g) We(q) Wulq) Wilq) W(g) ~ 1+q q+1 W(g)’
SO
_ 1+gq
M@= Ga-n

Example 17.10. Consider W given by S = {a, b, ¢} with unlabeled edges between b, c, and c, a
and an edge with label 4 between a, b. The group W is infinite, so

1 1 1 1 1 1 1 1

TV W@ W@ W@ Wal@  Wal@  Wel) Wi
This is

_1_1_1+q4(q—1) 1 s 1 1

1+qg 1+q 1+gq 1+gq 1+29+2¢°+q> 1+29+2¢°+q¢> W(q)
Solving this yields

(1+q)(1+q+q)(1+q+q +q3)
- - -q¢*+¢°

Wi(q) =

Recall that if W = A, then W(q) = [1, % = [, [i + 1]4, where

k-1

=14+qg+¢°+---+q

is the g-analogue of the number g.

18. THURSDAY NOVEMBER 2

Erratum: Maximal elements in the absolute order need not be Coxeter elements.
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18.1. It’s Mobin Time. Let

(K], = e

=14+qg+q¢°+---+q

l-q

Theorem 18.1. Suppose (W, S) is finite and irreducible. Let n = |S|. There exist positive integers

e, ..., e, such that
n

W(g) =] [lei+ 1]y
i=1
In particular, |W| = [T1Z;(e; + 1) and |T| = £(wo) = 21, e;.
Example 18.2. If W = S,,; = A, then W(q) = [[iL,[i + 1]4. The numbers ey, ..., e, are called
the exponents of W.

Let (W,S) be an affine irreducible Coxeter system. Let ey,...,e, be the exponents of the
associated finite Coxeter group. Then

W(q) _ ﬁ [e,~ + 1]6].

i=1 1—g%

Example 18.3. We have

~ Loli+ 1]4 1- gt
Su(q) = = = :
ll;l 1-— ql (1 _ q)n+1

Let P be a finite poset. The Mobius function of P is the map
p=ppr:{(xy) EPXP|x<y}>Z
defined by the conditions p(x,x) = 1 and

Z p(x,z) =0

z€[x.y]
forall x < y.

Example 18.4. Consider the following poset; we label x with (0, x), where 0 is the minimal
element:

We also note that

peoy) == 3, plx2).

x<z<y
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Exercise 18.5. Show the following.

(1) If P is the nth Boolean lattice, then p(@, X) = (-1)X.

(2) If P is the lattice of divisors of N, then
(=1)™ if k is a product of m distinct primes;
0 otherwise.

p(1,k) ={

Theorem 18.6 (Mobius Inversion Formula). Let P be a finite poset with a unique minimal element
0. Suppose f,g : P — C are such that

(3) 9(y) = > f(x)
x<y
forally € P. Then
(4) fy) =) gxu(xy)
x<y

forally € P.

Proof. Let M and M’ be the matrices with rows and columns indexed by P, wehere

1 ifx <uy; 3 if x < v;

0 otherwise, yx 0 otherwise.

Think of f and g as vectors whose coordinates are indexed by P. Then (3)) gives us g = Mf, and
tells us that f = M’g. Thus, it suffices to show that M’ = M1, Now,

/ ) , 1 ifx=uy;
(MM')xy = Z szsz - Z sz - Z Ky 2) = {0 otherwise,

zeP zZ<x y<z<x

and this completes the proof. m]

18.2. The Nerve. An abstract simplicial complex is a collection ¥ of sets such that if A € F,
then every subset of A isin 7.

Suppose W is infinite. The nerve of (W,S) is N(W,S) = {J € S | #W) < oo}. Note that
N(W,S) is an abstract simplicial complex. We may think of N(W,S) U {S} as a poset under
inclusion.

Example 18.7. Consider the Coxeter group W generated by a, b, ¢, d whose Coxeter graph has
an edge labeled 4 between a and b, an unlabeled edge between a and c, an edge labeled 8 between
b and c, and an unlabeled edge between ¢ and d. We see that

NW,S) ={w,a,b,c,d, ab, bc, ac, ad, bd, cd, abd, acd}.

Let pp be the Mobius function of N(W,S) U {S}. f LK € N(W,S) and K C I, then [K,I]
is isomorphic to the Boolean lattice of subsets of I \ K (note that I \ K O J — K U J). Hence,

v (K. D) = (-)InAL
Proposition 18.8. If (W, S) is an infinite Coxeter system, then
1 N(K,S)
Wi W)

KcN(W,S)


https://imgflip.com/i/84p21g
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Proof. Let N = N(W,S).If I c Sand I ¢ N, then W is infinite, so

(—1)INKI o
Z Wi(q)

KcIl

Then

Z Z (- 1)II\K|

IeN Kcl Wi (q)
Hence,

1
(_1)|I\K| =0
I;S WK(C]) IDI;IQEN
For fixed K,
2, (M= BT ()M == BT (KD = pn (K. S),
IDK,IgN IDK,IgN IDK,JeN

as desired. m|

19. TUuEsDAY NOVEMBER 7

Recall that if (W, S) is an infinite Coxeter system, then

1 Z pn (K, S)

w(q) KeN(W.S) Wk (q)

where p1p is the Mobius function of N(W, S) U {S}.

Example 19.1. Let U, be the universal Coxeter group on n generators. The Coxeter graph of U,
is a complete graph with n vertices and each edge labeled co. Then N (U,,S) ={J c S| |J| < 1}.
We have that N (U, S) U {S} is given by

S
AN
{s1} {s2} - {sa}
\\@/

We see that un (S, S) = 1, uy({si}, S) = —1, and ppn(2,S) =n—1. So

1 (-1) (n—-1)gq-1
—_ = —1 . = .
U,(q) " o 1+gq 1+gq

19.1. Tableaux. A partition of n is a tuple A = (A4, ..., Ax) of positive integers such that A; >
Ay > -+ > Apand Ay +- - -+ Ak = n. The numbers Ay, ..., A are the parts of A. The length of 1 is k.
We can represent a partition as a Young diagram—a collection of left-justified rows of boxes such
that the ith row has A; boxes. Young diagrams can be viewed as posets by rotating the diagram
45° clockwise and viewing the resulting figure as a Hasse diagram whose vertices are the boxes
with edges given by box adjacencies.
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Example 19.2. The partition (5,4, 2, 2, 1) of 13 corresponds to the following Young diagram:

A standard Young tableau of shape A is a filling of the boxes A with 1,...,n so that the rows
and columns are increasing.

Example 19.3. The standard Young tableau of shape (3, 3) are

1123 112)|4 112]5
415]6 3(5]6 3146
1134 1135
2156 21416

If we view a young diagram A as a poset, then the standard Young tableaux correspond to
linear extensions of the poset.

Flipping a standard Young tableau T of shape A across the main diagonal yields a standard
Young tableau T’ of shape A’. Call A’ and T” the transpose of A and T, respectively. We use f* to
denote the number of standard Young tableaux of shape A.

For a box b in a Young diagram 4, its hook length, denoted hy, is the number of boxes strictly
below or to the right of b plus 1.

Example 19.4. The boxes below or to the right of b are labeled with an X:

S

X

>

e

Hence, the hook length of b is 4.
Theorem 19.5 (The Hook-Length Formula). Let A be a partition of n. Then

2 n
~ Tloer o
Example 19.6. For the partition (4, 2, 1), the hook lengths of each box are given by
6 14|21
311
1
) -




MATH 155R: ALGEBRAIC COMBINATORICS 43

19.2. A Representation-theoretic Interlude.

Fact 19.7. Partitions of n correspond to irreducible representations of S,. The dimension of the
irreducible representation corresponding to A is .

Example 19.8. Consider Ss. The partition (3) corresponds to the trivial representation—the one-
dimensional representation given by w- f = f for all w € Ss. The partition (1, 1, 1) corresponds to
the sign representation—the one-dimensional representation given by w - f = (=1)*) 8. Finally,
the partition (2, 1) corresponds to the standard geometric representation, which, recall, is two-
dimensional.

In general, if G is a finite group, then we have

IG| = Z dim(V)2.

irreps V of G

When G = S, this tells us that

= (Y

Aen(n)

where 7(n) denotes the partitions of n["| A bijective proof of this fact is given by the Robinson—
Schensted correspondence (commonly referred to as the RS or RSK correspondence, or even as
RS or RSK)["| The RS correspondence is a bijection

RS:S, — U (SYT(X) x SYT (1)),
Aex(n)

where SYT (1) denotes the set of standard Young tableaux of shape A. We illustrate RS with the
following example.

Example 19.9. Let n =5, and let w = 25134.

130ne way of proving this formula is via the Robinson-Schensted correspondence. Another way, which I prefer,
was given by Vershik and Okounkov in this paper, In the paper, they show that standard Young tableaux of shape A
index basis vectors of the representation S, corresponding to A. From this, the formula is obvious.

4Craige Schensted now goes by the name Ea Ea. He changed his name to Ea, the Babylonian name for the Sumerian
god Enki, in 1995. In 1999, he changed his name again, this time to Ea Ea. Thus, arguably, the RS (or RSK) corre-
spondence, as it is commonly referred to, should be renamed the RE (or REK) correspondence. See here for a more
detailed account of Ea Ea’s life.


https://arxiv.org/pdf/math/0503040.pdf
https://en.wikipedia.org/wiki/Craige_Schensted
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Step p Q
1 2 1
9 215 112
3 115 112
2 3
4 113 1
2|5 314
5 1134 112|5
215 314

Thus, we have w — (P(w), Q(w)), where the pair (P(w), Q(w)) is given by

1]3]4 11215
Q(w) =
2|5 3|4

P(w) =

For w € S,, we let RS(w) = (P(w),Q(w)). Let shape(w) be the partition A such that
P(w),Q(w) € SYT(A).

Fact 19.10. We have that P(w™!) = Q(w) and Q(w™?!) = P(w).

19.3. Jeu de Taquin and Promotion. Start with some standard Young Tableau. Delete 1, and
slide the smallest number below or right of the empty box into the empty box; repeat this process
until the empty box is a corner. Place n + 1 into the empty box and decrement all of the entries
by 1. The sliding process is called Jeu de Taquin, and the resulting tableau is denoted by Pro(T).

Example 19.11. The tableau T, given by

112(5]9
31618
4|7

is taken to
11478
2 9
316

More generally, promotion can be defined on the set L(P) of linear extensions of a finite
poset.

Example 19.12. Add example later.
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One can check that
Pro =BK,,_;0--- 0 BK; 0BKj;
as an exercise, try this yourself on the example above.
Let 9; = BK;o:-- o BK; 0BK;. Then Pro = 9,_;. We define evacuation to be the map Ev :
L(P) — L(P) definedby Ev=0;00,0--- 03,3033 0 1.

20. THURSDAY NOVEMBER 9

NO CLASS 11/21
Recall: P is an n-element poset. £(P) is the set of linear extensions of P.

Pro = BK,,_1 o... o BK,; 0o BK;
0; + BK; o... o BK,; 0 BK;4
Ev=0,00y0..00,4
Example 20.1. picture @
20.0.1. Symmetries in Robinson-Schensted. P(w™!) = Q(w), Q(w™!) = P(w).
P(wwy) = P(w)’
Q(wwo) =Ev(P(w))
P(wowwy) = Ev(P(w))
Q(wowwy) = Ev(Q(w))
Example 20.2. picture insert pictu
Theorem 20.3 (Stanley). The number of reduced words for the long element wy € S, is equal to
forr = [SYT(8p)l,
where$,_.1=(n—-1,n-2,...,3,2,1).
Note: n = 4. By the Hook-Length Formula, insert pictu
. o)
[ = s :
171312 (2n — 3)1

Theorem 20.4 (Edelman-Greene bijection). Let N = (’21) Let T € SYT(6,-1). Number the corners
of op—1 as 1,..,n — 1 from bottom to top. Let y; be the number of the corner containing the entry N
in Pro*(T).

Let EG(T) = sy,Sy,...Syy_; -
Example 20.5. n = 4. EG(T) = s5351525351. insert pictu

Note that EG(Pro(T)) = sy,Sy,.-.Syx» Wo = SyoSy,---Syn_y = Sy;Sy,---Syy- LheN sy .8y | = Sy, Wo =
WoSyy» SO Sy = WoSy,Wo. Thus, yn = n — yo. Similarly, yn41 = n — y1. In general, ynix = n — yj for

LI

all k > 0. Note: n — yy is the corner containing N in Pro*(T").

n—yi(T) = ye(T).
Since EG is a bijection, it follows that Pro™ (T) = T”. So Pro*N(T) = T.
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20.0.2. Dynamical Algebraic Combinatorics. Let X be a set of combinatorial objects. Suppose
f : X — X is some interesting function. Study what happens when we iterate f.

Example 20.6. Pop on a lattice.

Example 20.7. Kreweras complementation on noncrossing partitions.

Example 20.8. Pro on L(P).

Theorem 20.9 (Edelman-Greene, 1987). The order of Pro : SYT(6,-1) — SYT(8,-1) is 2(’21) =
2|5n—1|~

Theorem 20.10 (Schiitzenberger, 1977). If P is a rectangle poset, then the order of Pro : L(P) —
L(P) is|P|.

Theorem 20.11 (Haiman, 1992). If P is a shifted double staircase or a shifted trapezoid, then Pro :
L(P) — L(P) has order |P|.

Theorem 20.12 (Hopkins-Rubey, 2022). IF P is a chain of V’s, then the order of Pro : L(P) —
L(P) is 2|P|.

These are all the posets for which “nice" orbits under promotion are known to exist.

Definition 20.13. [Reiner-Stanton-White, 2004] Let X be a finite set. Suppose f : X — X isa
bijection of order w. Let F(q) € C[q]. We say (X, f, F(q)) exhibits the cyclic sieving phenomenon
if for every k € Z, the number of elements of X fixed by f* is

F(eZHik/w).
Example 20.14. Pro : SYT(3,3) — SYT(3,3)
Let F(q) = (1 —q+¢®)(1+q+q*+¢°+q*). F(e¥"/%) = 0.
F(e2™/6) =
F(6271’i(2)/6) —
F(eZIIi(B)/()) —

0
2
3
F(e20/6) = 9
F(e2mO)/6) =

5

F(eZni(é)/é) —

21. TuespDAY NOVEMBER 14

Recall: that k], = (1-¢%)/(1-q) = 1+q+¢*+- - -+q* ! and that [k]!, = [k]4[k—1]4- - [1],
Suppose X is a finite set, f : X — X is an invertible map of order w, and F(q) € C[q]. We say
(X, f,F(q)) exhibits the cyclic sieving phenomenon if for all k € Z, the number of fixed points
of f¥ is F(e?"ik/@),

Theorem 21.1 (Rhoades, 2010). Suppose A € n(n) is a rectangular partition. The triple

[n]!q
A’ bl ’—
SYT(4), Pro [Tperlholq

exhibits the cyclic sieving phenomenon.
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21.1. Toric Promotion. Let G = (V, E) be a graph with n vertices. A labeling of G is a bijection
V — [n]. Let Ag be the set of labelings of G. Given a labeling ¢ € Ag, we obtain an acyclic
orientation of G by directing each edge {u,v} from u to v if o(u) < o(v). This yields a poset
(V, <5) where u <, v if there is a directed path from u to 0. Fori € [n—1], define BK; : Ag — Ag

by

BK (o) = {(()l i+1)o ifo7'(i) and o' (i + 1) are not adjacent;

otherwise.

Remark 21.2. If 1 < i < n — 1, then o and BK; (o) induce the same partial order on V. Also, o
and BK; (o) are both linear extensions of this poset and BK; is the same as before.

Example 21.3. Consider the graph G

[ w
.ﬁ_. Z
X oy

with labeling ¢ given by
1 3
I‘Zf_). 4
5 2

Note that we have drawn the associated acyclic orientation in the above. Now, it is not difficult
to see that BK; (o) is given by

2 3
m_).4
5 1

and we see that (V, <;) = (V, <pg,(0))-
So it makes sense to define Pro : A — Ag by Pro = BK,,_; o - - - 0 BK; 0 BK;j.

Idea: With the same setup as in the above, let G be labeled by Z/nZ and define BK,, analo-
gously. Define toric promotion to be the map TPro : A — Ag given by

TPro = BK, oBK,_;0--- 0 BK, 0BKj.

Example 21.4. Consider the following labeled graph; we will apply toric promotion to it. Each
step illustrates a Bender-Knuth toggle; the composition of all 5 steps is one application of TPro.



picture
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3 2 4 5 1

*—o—0—0—0o
l BK;

3 1 4 5 1

*—o—0—0—0
l BK,

2 1 4 5 3

*—o—0—0—0
BK;

2 1 3 5 4

*—o—0—0—0
BK,

2 1 3 5 4

*—o0—0—0—0
l BK;

2 5 3 1 4

*—o—0—0—0o

Example 21.5. .
Theorem 21.6 (Defant, 2023). If G is a tree, then every orbit of TPro has sizen — 1.

Idea: Let 7 : [n] — Z/nZ be a bijection. Define permutoric promotion to be the map TPro, :
Ag — Ag given by TPro, = BK;(n) 0 BKy(n—1) © - - - © BKy(1). A cyclic descent of 7~ is an element
i € Z/nZ such that 771(i) > n71(i + 1). Let

T
b|, [b]lgla—b]y

Theorem 21.7 (Defant-Madhukara-Thomas, 2023+). Let 7 : [n] — Z/nZ be a bijection. Let d
be the number of cyclic descents of t~*. The order of TProy, : Apatn, — Apath, isn(n—d). Moreover,

d-1

-1
Abathys TProz, n(d = D)1(n —d = 1)![n — d] 4 [" ]
q

exhibits the cyclic sieving property.

21.2. Promotion Sorting. Let P = ([n], <p) be a poset. Recall that BK; : £L(P) — L(P) is
defined by
B (u) — {u if u_l(i? <pul(i+1);
s;u  otherwise.
Define the noninvertible Bender-Knuth toggle 7; : S, — S, by

{u ifu (i) <pu~t(i+1);
Ti(u) =

s;u  otherwise.
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Example 21.8. Add example later.

Define extended promotion to be the map Pro = 7,,_; o - - - o 7, 0 73. Define extended evacuation
tobethemapEv=9;00,0:--09,_1, whered; =7;0--- 0 1577.

Theorem 21.9 (Defant-Kravitz, 2022). We have Pro" 1(S,) = L(P). Also, Ev(S,) = L(P).

Define the sorting time of w € S, to be the smallest t > 0 such that Pro’(w) € £(P). We say
that w is tangled if it has sorting time n — 1. Say w is quasitangled if it has sorting time n — 2.
Question: How many (quasi)tangled labelings does a given poset have? Answer: We don’t know
in general. Kravitz and Defant counted tangled labelings of posets that we call inflated rooted
trees. Hodges counted quasitangled labelings of inflated rooted trees with deflated leaves. Hodges
also found an algorithm to count labelings of P with sorting time n — k — 1 when P is a rooted
tree.

22. THE FINAL LECTURE

22.1. Bender-Knuth Billiards. Recall that we have a poset P = ([n],<p) and 7; : S, — S,

) = {u iful(i) < u (i +1);

s;u  otherwise.
We have operators Pro=17,_10---onporpandEv=ro0(rpor)o---0(1y_10---015071]).
Theorem 22.1 (Defant-Kravitz, 2022). We have Pro" 1(S,) = L(P) and Ev(S,) = L(P).
Recall that we say w € S, is tangled if Pro™%(w) ¢ L(P).
Conjecture 22.2 (Defant-Kravitz, 2022). The number of tangled labelings of P is at most (n — 1)!.

Let (W, S) be a Coxeter system. Let S = {s; | i € I}, where I is a finite index set. Let ¢ C V
be the root system. Fix a convex set £ € W. Identify w € W with the region wB of the Coxeter
arrangement Hyy. Say a hyperplane H € Hyy is a window if there exist elements of £ on both
sides of H. Say H is a one-way mirror if £ lies on one side of H.

Example 22.3. Consider W = §,. Recall that £ is the set of linear extensions of some poset
P([n], <p). The hyperplne Hy, = {x € V* | x, = x3} is a window if and only if a and b are
incomparable in P. If a <p b, then L lies on the side of Hy, given by x, < x3, so Hy, is a one-way

mirror. Suppose u € S, and1 < i < n-—1. Leta =u"'(i) and b = u7'(i + 1). Then H is the
hyperplane separating u from s;u. We have

siju if Hy, is a window;
7i(u) = {s;u if L U {s;u} lies on one side of H;
u  if £ U {u} lies on one side of H,.

Definition 22.4. (Barkley-Defant-Hodges—Kravitz—Lee) Suppose u € W andi € I. Let H € Hy
be the hyperplane separating u from s;u. Let

s;u if H is a window;
7;(u) = {sju  if £ U {s;u} is on one side of H;
u  if £ U {u} lies on one side of H.
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Fix an ordering iy, iy, . . ., i, of I. This corresponds to choosing the standard Coxeter element
¢ =s;Si_, S, Letij, =i Define Pro, = 7;, o7;, , o---o07;. Start at some uy € W and
apply 7i,, 7i,, Tis, . . .. This yields a sequence of elements ug, uy, uz, us, . .., where u; = T, (uj_1). We

call this Bender—Knuth billiards, and we call u, uy, uy, . . . a billiards path. Does the billiards path
always end up in L if L is finite?

Definition 22.5. We say that £ is heavy if every Coxeter element ¢ and every starting point uy,
the billiards path eventually reaches L. We say the Coxeter element c is futuristic if for every
nonempty finite convex set £ and every starting point u,, the billiards path reaches £. We
say W is futuristic if every standard Coxeter element is futuristic (equivalently, every nonempty
finite convex set is heavy). We say that W is ancient (or maybe of yore) if no Coxeter element is
futuristic.

Theorem 22.6 (BDHKL). The Coxeter system (W, S) is futuristic if any of the following hold:
(1) W is finite;
(2) W =Sy

(3) W= Cn 15
)

(5) the Coxeter graph is complete;

(6) W is right-angled (m(s,s’) € {2, 0} foralls,s’ € S withs #s’).

Theorem 22.7. The following Coxeter groups are ancient:

ao
4
—@
a
where ag, a; € {3,4,...};
5
—@

and

where b(), bl, bz, b3 € {3, 4, .. }

Likewise, we may define Ev =1y 0 (15 071) 0--- 0 (7;,-1 0 - - - 0 75 0 77). This is obtained from
the reduced word s15251535251 - - - Sy—1Sn—2 - - - S251 for wy by replacing each s; by 7;.

i, is a reduced

Theorem 22.8 (BDHKL). Assume W is finite. Let L C W be a convex set. If s;,, - - - s
word for wy, then (7j, o ---o1;,)(W) =L
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